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ABSTRACT 
-
The plane strain problem of adhesively bonded structures wiu.ch 
consist of two different - isotro-pic adherends is considered. By 
expressing the x-y callponents of the displacements in terms of 
Fourier integrals and using the corresponding boundary and 
continuity conditions, the system of integral eqmtions for the 
general problem is obtained. Then , these integral equa tions are 
solved numerically by applying Gauss-Chebyshev integration scheme. 
The shear and the normal stresses in the adhesive are 
calculated for various geometries and material properties for a 
stiffened plate under uniaxial tension f$ x. Also the numerical 
results involving the stress intensity factors and the stra:l.n energy 
release rate are presented. The closed-form expressions for the 
Fredholm kernels are provided, so tha t the solution for an arbitrary 
geanetry and material properties can easily be obtained. 
The numerical solution of the integral eqmt:l.ons indl.cates that 
as (h,/a), (hlj/a) and (h2/a) decrease the comrergence becomes slower 
and hence canputat:l.ons become costlier. For the general geometry, 
the contribution of the normal stress is quite signl.ficant. For the 
symmetric geometries, however, the dominant stress is the shear 
stress. More specifically, the normal stress vanishes :l.f the 
adherends also happen to be of the same material and the same 
thickness. 
1. mTRODUC'l'ION 
In order to optimize performance and fuel consumption, 
aerospace and marine industries have been turning to the use of 
advanced (fiber-reinforced organic) composites, more and more in 
commercial aircrat't, military aircrat't and marine systems. lhese 
materials offer very good strength-to-weight and stiffness-to-weight 
ra tios. However, one major drawback is the strength and fa tique 
penal ty introduced by mechanical fasteners at joints. So more 
sophisticated joining methods are required. 
Adhesive bonding, on the other hand, prov~des a desirable 
alternative to mechanical fastening because of; 
1. Load being carried over a larger area, thus reducing the 
stress concentration, 
2. Higher joint efficiency (rela tive strength-to-weight of 
the joint region), 
3. No decrease in strength due to fastener holes, 
4. Less expensive and simpler fabrication techniques, and 
5. Lower maintenance costs. 
However, adhesive bond~ng has its <Ytln disadvantages. '!be load 
is not carried uniformly over the entire bo nd area, but instead is 
confined to a small region along the bond edge. Though not as hJ..gh 
as the stresses at a r~vet, th~s highly stressed region, can lead to 
failure. 
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The past forty years have witnessed the expenditure of 
considerable analytic effort in an attempt to describe stress-straJ.n 
-
distributions in composite structures formed by_ the adhesive bonding 
of materials. The efforts of Goland and Reissner [1], have been 
extended by the computerised and experimental analyses of numerous 
investiga tors. 
To gain some insight and to provide criteria for further 
development of bonding materials and bonding techniques, assumptions 
have been introduced which are justified only by the analytic tools 
available to the investigator. Goland and Re1ssner [1], for -example, 
restrict themselves to adherends of the same material having 
identical length and thickness, with no stress variation within the 
adhesive film. With progress in analytic techniques, each succeeding 
investigator has been able to relax the number of assumptions 
previously required to obtain a solution. 
However, because of the wnhomogeneous na tUl"e and of the 
geanetr~cal complexity of the medium, even for the linaarly elastic 
materials the exact analytical trea tment of the problem regarding 
the stress analysis of the structure is, in general, hox;elessly 
complicated. The ensting analytical studies are, therefore, based 
on certain simplyfying assumphons with regard to the modeling of 
the adhesive and the adherends. The adherends are us ually modeled as 
an isotropic or orthotropic membrane [2], a plate [1,3,4,5] or an 
3 
elastic continuum [5,6]. The adhesive on the other hand, is uS\2lly 
treated as a shear spring [2,6], a tension shear-spring [1,7], or is 
neglected [8]. In this report the adhesively bonded joint problem is 
considered by assuming both the adhesive and the adherends as 
elastic layers. 
In order to design adhesively bonded structures with high 
degree of reliability, one needs to recognize that their failure 
mode is characterized by !'low growth and progressive crack 
propoga tion. 
The energy balance criterian for fracture, based on works of 
Griffith [9] and Irwin [10] is adopted. It supposes that fracture 
occurs when sufficient energy is released from the stress field to 
generate new fracture surfaces at the instant of crack proI2gp.tion. 
This strain energy release rate provides a measure of the energy 
required to extend a crack over a un! t area, and is termed the 
fracture energy. In this report, the fracture energy of an adheSl. ve 
layer will be detennined, since this property has been w~dely 
recognized as the approp-oiate criterion for adhesive failure as in 
[5,11,12,13,14]. 
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2. FORMULATION OF THE PROBLEM 
2.1 Equilibrium Equations 
The problem considered is a stiffened plate shown in Figure 1, 
under the following assumptions; 
- The medJ.um is canposed of hanogeneous, isotro PJ.c, elastl.c 
layers with different mechanical properties, 
- The problem is one of plane strain, that is, the bonded 
Joint is very nwide n, 
- The only external load actl.Og on the medium is the 
uniaxial tension, is 1x = ~ 0 away from the reinforcement 
region. 
In the plane theory of elasticity the equa. tions of equilibrium 
in terms of displacements for the isotro pic materials can be 
exPressed as; 
oe 
(A+IJ) +IIV 2 U+X=O, 
ox 
Ue 
('" + IJ) - + ~ V 2 v + Y = 0 , 
Uy 
(1a, b) 
where u, v are the x, y-components of the displacement vector, X-Yare 
the x-y components of the body force vector, 
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() u C)v 
e=-+-
dx oy 
• E 
A =-------------(1 +,){1 - 2P) 
and tJ, , are the shear modulus and the Poisson's ratio, 
respectively. 
For each of the layers shown in Figure 1, and for IX) body 
forces, the equations (1a, b) read as, 
, i=1, •• ,4 (2a,b) 
2.2 Solutions 
As it is seen from Figure 1, the medium possesses a geanetric 
symmetry with respect to x=O plane, so the problem 1s solved for 
x ~ 0 • Also note that, the x-y components of the displacements may 
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be expressed as Fourier integrals, since the displacements as well 
as their deriva Uves decrease sufficiently rapidly as Ix~oo, so 
that the requirement of absolute integrability is satisfied. 
Therefore, assuning the x-y components of the displacements in 
the i' th layer in the form, 
2 JOO 
vi(x,y) =- ""i(a,y) Cos(ax) da 
·0 (3a,b) 
and using the field equations (2a,b), one obtains, 
(4a,b) 
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where Aij' s are functions of ex which wlll be de termined from the 
continuity and the boundary conditions. Afterwards, the stresses are 
evaluated by Hooke's Law, and expressed as, 
1 
cr i 
2101i yy 
00 =~ J [-[«CAil 
o 
+ [ ex(A i3 + Ai4y) - (1-2 ... i ) Ai4 ] eCX Y ] Sin(ax) da • 
(5a,b) 
2.3 The Boundary and the Continui ty Condi tions 
On the boundaries y=h" y:-h4, the medium possesses the 
following homogeneous boundary conditions; 
O-<x(oo (6a) 
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'I'~(x,h1) = 0 O",x(OO (6b) 
~~y(x,-h4) = 0 0, x (00 (6c) 
'I'~(x,-h4) = 0 o ~ x (00 • (6d) 
The continuity conditions require that on the interfaces the 
stress and the displacement vectors in the adjacent layers be equal, 
that is, 
~h(x,h2) - e'~(X,~) = 0 O~x<oo (6e) 
'I' ~(x,~) - 'I'~(x, ~) = 0 O~x(OO (6f) 
u, (x,h2 ) - u2{x,h2 ) = 0 O~x (00 ( 6g) 
v,(x,h2 ) - v2 (x,h2 ) = 0 O~x<oo (6h) 
~~y(X,-h3) - ~~y{x,-h3) = 0 , o ~ x <00 (6i) 
'I'~(x,-h3) - 'I'~(x,-h3) = 0 , O~x(OO (6j) 
u4(x,-h3) - u3(x,-h 3) = 0 o ~ x <00 ( 6k) 
V4(x,-h3 ) - v3 (x,-h3 ) = 0 O~ x <00 (61) 
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The above conditions (6a-l) provide: 12 linear homogeneous 
algebraic equations in terms of 16 unknowns. So 4 more eqt.a.tions are 
needed. Those are obtained from the surface which has the crack, 
that is, at y = 0 , 
cr~(x, 0) - cr~(x, 0) = 0 o ~ x <co (7a) 
~~(x,O) - ~~(x,O) = 0 O~x<oo (7b) 
cr~y(x, 0) = cr~y(x, 0) = g(x) xEL ( 8a) 
~~(x,O) = ~3 (x,O) = f(x) xy xE L • ( Bb) 
L is the part of the x-axis without the crack and f(x), g(x) 
are respectively, shear and normal stresses at the very same region. 
'!be mixed boundary condi tions at y:0 and the process of 
superposi tion as shown in Figure 2, give rise to the integral 
equa tions for the problem. Those are, 
0 [u2 (x,y) -u3 (x,y)] l:imy_o - = A O~x<o::> QX 
C) 
[ v2(x,y) - v3(x, y) ] liIlly~o Ox = 0 O,<x<oo (9a, b) 
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Note that the integral equations have been expressed in terms 
of the first derivatives of the displacement differences with 
respect to x. Also note, A appearing in equation (9a), has the 
follOWing values depending on the geanetry of the medium, 
A 
~o 
for plane str ess 
--
E4 
A 
~o ('-P~) 
for plane strain • = 
E4 
2.4 Application of the Boundary and the Continuity Conditions 
In eq ua tions (8a) and (8b), it has bee n ass umed that 
= { 
0 x > a 1'iy(x,O) 
f, (x) x~a 
={ 
0 x > a ~~y(x, 0) 
f 2(x) x ~ a (1 Oa, b) 
where "a" is the bond length as shown in Figure 1. Also note ·tha t 
11 
equations (5a, b) at y=O gives, 
00 ~ ~~y(X, 0) = ~ J [- [C~1 + 2( 1-'2)A22 ] 
2112 1r 
o 
+ [- crA23 + 2( 1-'2)A24 ]] Co.(crx) dcr • O~x<oo 
O~ x <co. C11a,b) 
!lui above eq ua tions with the condi tions sta ted in (1 Oa, b), read as, 
o ~ x ~ a (12a, b) 
with, 
12 
(12c,d) 
Conditons (6), (7) and (12 c,d) provide 16 algebraic equations 
to be solved for the same number of unknowns in terms of F 1 and F2 • 
Writing these equations in matrix form, 
o 
Coefficient 
Matrix Aij = 0 ( 13) 
f( a 
, hi' IIi' "i) 
F1 (a) 
I 
• F2 (a) A44 
(16x16) ( 16x1) (16x1 ) 
and multiplying each side with the inverse of the coefficient 
matrix, gives Aij's. 
I: -1 0 
I I 
Coer. I I . I I I I 
Aij = .QiJ 'Sij I (14) 
I I I • 0 
Matrix I I • 
I : 
F1 (a) I 
I I 
I : F2 (a) • 
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where Qij'S and Sij's (i,j :1, •• ,4) are the 15'th and 16'th coloumns 
of the inverse coefficient matrix, respectively. After performing 
the matrix mul tiplica tion, 
it may easily be shown that Aij's can be solved in the following 
general form, 
( Hi) 
These when substituted in (13) give two systems of equations to 
sol ve for Qij' sand Sij' s as follows, 
Coef. Coef. 
M:!. trix M:!.trix 
0 0 
, 
: F1 (a) + F2 (a) (17) 
0 0 
1 0 
0 1 
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which leads to; 
0 
I 
I 
Coef. I I 
Qij = ( 18) 
Matrix 0 
1 
0 
0 
I 
Coef. 
Sij = I ( 19) 
Matrix 0 
0 
1 
(18) and (19) are solved first numerically for every desired 
value of ex • It is definitely much easier and less time consuming 
process rather than trying to solve them analytically. However, it 
has its own shortcomings. It has to be kept in mind that certain 
combination of these Qij1s and Sij1s (envelope functions) will 
actually be integrated from zero to infinity at every x and t (see 
Section 2.5-6). This requires (18) and (19) to be solved at 
sufficiently many ex I s. This is obviously a very costly and time 
consuming job. Especially for the thinner ge ane tries, where the 
convergence of the envelope functions is very slow, (18) and (19) has 
to be solved at even more ex I s, in order to achieve certain 
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significant figure accuracy in the evaluation of the infinite 
integrals. 
80 as a result, (18) and (19) are required to be solved 
analytically. After rather lengthy manipula tions, the closed-form 
expressions for Qij' sand 8ij ' s are found. 
Note that, it is most convenient to retain Q22 and Q24 as the 
final two unknowns in equations (6a,b,e,f,g,h) and (12c,d). 
Equations (12c,d) actually provide two equations for Qij's and 
8ij • s, namely; 
CCA21 - 2( 1-P2)A22 - aA23 + 2( 1-P2)A24 = F 1 (CC) 
- ctA21 - (1-2P2)A22 + aA23 - (1-2P2)A24 = F2(a) 
by substituding (16) into above equations we find, 
- CXQ21 - 2 ( 1-P 2) Q22 - ct Q23 + 2 ( 1-P 2 ) Q2 4 = 1 
- aQ21 - (1-2'2)Q22 + ctQ23 - (1-2P2 )Q24 = 0 
and 
- cx821 - 2(1-'2)822 - CX823 + 2( 1-'2)824 = 0 
- 0:821 - (1-2P2 )822 - a823 - (1-2P2 )824 = 1 . 
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(20a,b) 
(21a,b) 
Solving (6a,b,e,f,g,h), (20a,b) one gets; 
(22) 
(23) 
(24) 
(25) 
-20:lt(c-1)(h2 + 1<2 120:) 
- Q14 = [-----] Q21 + [ ] Q22 
1+K1 1+K1 
-20:lt (c-1) 
(26) 
-2CX( 1-c)(h2 - 1<2 12CX) 
+ [--------- ( 27) 
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+ [ 
-K2.8 Q22 + Q23 + [ ] 2CX 
1(2 
( 28) h2 --] Q2 4 
2CX 
Q11 [ - h2 -
K1 
Q12 + [ 
-K1 ] = -] Q14 
2CX 2CX~ 
+ Q21 + [ 
K2 K2 (29) h2 +-] Q22 + [-] Q24 . 
2a 2CX~ 
Similarly, retaining Q32 and Q34 in equations (6c,d,i,j,k,1), (7a,b) 
is the easiest way to obtain, 
G13G11 - G14G10 
G10G12 - G13G9 
K3 + d -2a~ it( 1-d) 
= [ ] Q32 + [-----] Q33 1 + 1(4 1 + 1(4 
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(30) 
(31 ) 
( 32) 
-Q41 [ h3 -
"4 Q42 + [ 
-. "4 ] Q44 = -] 2CX 2CX 
K3 . -" 
+ Q31 + [-h3 +-] Q32 + [ 
3 ] Q34 (36) 2CX 2CX 
[ "4 Q42 + [h3 
1(4 
Q43 = ] +-] Q44 
2CX. - 2CX 
+ [ 
-1(3 
Q32 + Q33 + [-h3 -
"3 
Q34 ' (37) ] -] 2CX. * 2CX 
Gi ' (i=1 , •••• ,16) , J, J * are defined in Appendix II. 
Similarly using equa tions (6a, b, 0, d, e, f, g, h, i, J, k, 1) and 
(21a,b), one obtains, 
(38) 
19 
(40) 
(41) 
(42) 
s" 
20 
-2U(d-1) d + 1C3 
= [ ] 331 + [ ] 334 
• *( 1) 1 ~ + K4 + K4 
21 
S41 [ h3 -
1(4 
[-
~*K4 
] S44 = -] S42 + 
2a 2a 
* 
+ S31 + [-h3 + 
K3 
S32 + [ 
~ 1(4 
] S34 -] 
2a 2a 
(52) 
(53) 
Pi(a) , (1=1, ••••• ,16) , J, J*, c, d are defined in Appendix III. 
2.~ Integral Equations 
Integral equations for the problem are derived from (9a, b), 
that is, 
O~x<co 
o ~ x <00 
22 
where, one might recall 
CJ'o 
~ --
~ = 
for plane stress 
for plane strain . 
Substituding (~a) into above equations, and then replacing the 
corres pending Aij r s wi th (16), the following eq ua tions are obtained, 
CX) 
l~y_O : fa [ [( Q21 (a) + Q22(a)y) .-.. y+ (Q23(a) + Q24 (a)y) .ay ] 
o 
• F1 (ex) Cos(exx) dex 
Q:) 
+ Ilmy~O : fa [[(821 (a) + S:!2(a)y) .-ay+ (823(a) + S:!4(a)y) .ay ] 
o 
F2 (CI) Cos(cxx) dcx = " (5~) 
23 
ex) 
l~_o : f_u [[CQ21 (U) + 1l:!2(1(2 /U + y») .-uy 
o 
00 
+ limy_ o : J_U [[(S21 (U) + ~2(U) (1(2 /U + y») .-Uy 
o 
- [(~1(er) + ~2(er)(1(3 ler + y») e-ery 
+ t~3(U) + ~4(U)(1(3 /U - y») .UY].F2 (U) Sin(Ux) da = 0 • 
( 55) 
F1 , F2 must be replaced by Fourier ~nversion of (12a,b) 
24 
(X) 
=J f,(t) 
2112 
o 
Noting that, 
Sin(at) dt 
cos(at) dt • 
tEL' 
(56a, b) 
y = 0 (57 ) 
where L' is the part of the x-axis contaJ.ning the crack. Therefore, 
(55a,b) l-lith (57) would read as follows, 
Sin(at) dt 
(58a,b) 
Replacing F,(CX) and F2 (a) in (54), (55) with (57a,b) give two 
equa. tions of the form ; 
liIlly_o 
25 
2f~ 
limy_O - ?:h2j(X,y,t) fj(t) dt = o • (59a,b) 
11' .r-I 
0 
Here, 
co 
h11 (x,y,t) = J RE1( et ,y) Cos(etx) S1n(ett) da (60a) 
0 
h12(x,y,t) = J:HIZ,y) Cos(etx) Cos(ett) da (60b) 
0 
00 
~1 (x, y, t) = J RE2(et ,y) S1n(etx) S1n(at) da (60cY 
0 
00 
h22(x, y, t) = J TE2(et,y) S1n(ax) Cos(at) da (60d) 
0 
where, 
RE1{a,y) = a [[(Q21(a) + Q22(a)y) e-ety+ (Q23(a) + Q24(a)y) eay] 
- [(Q31(a) + Q32(a)y) e-ay+ (Q33(a) + Q34(CX)Y) eet y ]] , 
TE1{a,y) = a [[ (S2,(a) + S22(a)y) e-ety+ (S23(a) + ~4(CX)y) eay ] 
- [(~,(CX) + S32(CX)Y) e-ety+ (S33(a) + ~4(a)y) eay ]] , 
HE2(1Z ,y) = -IZ [[[ ~1 (IZ) + ~2(1Z)(J(2 /IZ + y) J e-a.y 
26 
+ [ -Q23(CX) + Q24 (CX )(1(2 la - y) ] eay] 
-[[~1(CX) + Q32(a)(1(2 la + y) ] e-CXy 
eay]]. + [-Q33(a) + Q34(CX) (1(3 la - y) ] 
TE2(a,y) = -a [[ [~1 (a) + ~2(a)(K2 /a + y) 1 e-CXy 
eClY] + [-~3(a) + ~4(a) (1(2 la - y) ] 
- [[S31(a) + S32(ex)(1(3 lex + y) ] -Cly e 
eay]] + [ -~3(a) + S34 (CI )(1(3 ICI - y)] 
(61a,b,c,d) 
For the physical problem under consideration, the displacement 
differences on the bond surface are known and the stresses, f i (t) 
are unknown, which may be detennined fran the integral eqUltions 
given by (59a,b). After determination of fi(t), all the desired 
quanti ties, like the stress intensity factor, the strain energy 
release rate and stresses can easily be evaluated. 
Here it should be clearly noted that in deriving (59a,b), the 
derivatives of the displacements, rather than displacements 
themselves, have been used. Also note that the integral equa tions 
should be solved under the following equilibrium condi tiona 
27 
0 
ff1(t) dt = 0 
-0 
f~(t) dt = 0 . (62a, b) 
-0 
The infinite integrals giving h11 and h22 can be expres~d as a 
sum of two integrals, the integrands of which, respectively, are of 
O(e-cry) and 0(e-2CX~, e-2CXh3) for CX _ 00. The first leads to a 
Cauchy Kernel and the second to a Fredholm Kernel. On the other 
hand, the integrands of the infinite integrals giving h12 and h21 
are of 0(e-2CX~, e-2CXh3) for CX ~co , hence leading to Fredholm 
Kernels only (see Section 2.6) • 
2.6 Cauchy and Fredholm Kernels 
After performing asymptotic expansion as a--. co, Gi ' s and Pi's 
(Appendix II, Appendix III) are found to be ; 
G, = 0 G" = -b2 P, = 0 Pll = -b2 
G2 = -a3 G'2 = b3 P2 = -a3 P'2 = b3 
G3 = 0 G'3 = 0 P3 = 0 P13 = 0 
G4 = -a2 G14 = 0 P4 = -a2 P'4 = 0 
G5 = 2aa4 G'5 = b2b3 P5 = 2aa4 P15 = b2b3 
28 
/ 
G6 = a2 G16 = 0 P6 = -a2 P16 = 0 
G7 = 0 P7 = 0 
G8 = a3a2 P8 = -a3~ , 
G9 = -2exb4 , P9 = -2exb4 , 
G10 = b2 P10 = b2 
where (ai' i=1, •• ,4), (bi , 1=1, •• ,4) are given in Appendix I. Using 
them in (22) ,(23) ,(24) ,(25) ,(30) ,(31) ,{32) ,(33) and 
(38) ,(39) ,(40) ,(41), (46) ,(47) ,(48) ,(49) gives the following results 
Q23 ( ex ) = 0.0 
Q24(ex) = 0.0 
and ' 
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~1 (a) = 0.0 
Q34 ( ex ) = 1.0 
(63a,b,c,d,e,f,g,h) 
S:31(a) = 0.0 
S:32(a) = 0.0 
(64a,b,c,d,e,f,g,h) 
Substi tuting them into equa. tiona (64a, b, c, d), and noting K 3=K2' 
give, 
+ y-
(65a) 
- y-
TE1oo= 0.0 (65b) 
= -cx [_-_(_1_+_1(_2_) + I( 2 + Y + 
2a a 2a a 
RE2co= 0.0 ( 65c) 
30 
= -a[ -1 + K2 _ K2 _ Y + -1 + K3 _ K3 _ y] e-ay 
2a a 2a a 
• (65d) 
It is obvious thatif' the infinite parts are substracted from 
the integrands, the integrals will be uniformly convergent and give 
bounded kernels, that is, Fredholm kernels, so 1 iuy .. 0' can be put 
under the integration sign. We then obtain, 
R1(cx,O) = limy_o [RE1(CX,y) - RE1CXl(CX,y)] 
(66a,b) 
31 
T2(a ,0) = limy_o [TE2(a ,y) - TE2Ja ,y) ] 
(66c,d) 
In~egral equations (59a,b) with (66a,b,c,d) would then become 
cos(ax) Sin(at) da dt 
2 fa 00 
+ - f1 (t) J R1(a) 
11' 0 o 
cos(ax) Sin(at) da dt 
+..:.. J~(t) J~(a) Cos(ax) Cos(at) d .. dt = 
11'0 0 
(67a) 
32 
2 fa 00 
+ - f 2 (t) J T2(CX) 
1r 0 
o 
Sin(CXx) Cos(crt) dec dt 
Sin(crx) Sin(CXt) dec dt = 0.0 • (67b) 
In (67a, b) the kernels in the first terms are Cauchy type 
whereas the remaining kernels are bounded in the closed interval 
o ~ (x, t) ~ a • Next we change the integration limits from (zero-to-
a), to (-a to +a). Fran the physics of the problem, we note that 
1'(x,y) is odd, G'(x,y) is even, therefore, 
-a < t < +a 
-a < t < +a • (68a, b) 
and the integral equations (67a,b) become 
33 
fa CX) limy_a'- ~ f 1 Ct) f HEl Ca ,y) co.Cax) Sinca t) da dt 11' 0 
-0 
-0 .0 
Co; ,y) Sin(ax) Cos(<xt) d<X dt 
a a 
+ I f 1(t) K21 (x,t) dt + f f 2 (t) K22 (x,t) dt = 0.0 • 
-Q 
where the fredholm kernels are given by, 
co 
K11 ex, t) =..:. I R1(a) cos(ax) Sin(at) da 
1'fo 
K12Cx, t) = : f :ca) co.Cax) co.cat) da 
o 
CX) 
K21 (x, t) = ~ J R2(e<) Sin(e<x) Sin(e<t) de< 
1'fo 
3lJ 
e69a,b) 
1 JOO K22 (x, t) =:; T2(CX) Sin(CXx) Cos(cxt) dCX (70a,b,c,d) 
o 
The first J:arts of (69a, b) are reduced to Cauchy integrals as 
follows ; 
and 
+Q 
-(1 f en + K2) 11' f 1 (t l J e -<zy S;InCt (t-xl dCX dt 
-0 0 
=----
1f 
+0 
limy_o· J fl(tl 
-0 
+0 
= ---( 1_:_K_2_l J f 1(t) dt 
(t-x) 
-0 
+0 
(t-x) 
dt 
(t_x)2 + 1 
li"y_o. (I : K2l J f 2 (tl J~_UY (-SinU(t-x)) dU dt 
-0 0 
=----
+0 
limy_o+ J 
-0 
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(71a) 
+0 
= ...;.,--( 1_:_K_2_> J (71b) 
-0 
2.7 Normalization ot the Integral Equations 
To solve the integral equa tiona, it is convenient to define the 
follOWing dimensionless variables and functions ; 
r = x/a -a ~ x ~ +a -1 ~ r -$. +1 
s = t/a -a ~ t ~ +a 
6 = aa o~ a <ex> o ~ 6 <co 
g1(S) = f 1 (s.a) / fto 
With (72), (69) and (62) can be written as, 
+1 
_1 j g 1(S) ds 
11' (s-r) 
-r 
+1 
+ ~ g1(s) K11 (r,s) ds 
-I 
+1 
+ ~ g2(s) K12(r, s) ds = P1 
-I 
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(72) 
(73a) 
with, 
and 
with, 
Here, 
= -
K21 (r,s) = -
+1 Ig l<S) ds = 0.0 • 
-\ 
+1 
+ I 82(S) ~2(r, s) ds 
-I 
+1 
+ f 81(S) K21 (r,s) ds = 0.0 
-I 
+1 I 82 (s) ds = o. 0 • 
-I 
Cos(6r) Sin(6s) d& 
Cos(6r) Cos(6s) d& 
co 
1 I R2(6/a) Sin(6r) Sin(6s) d& 
.(1+K2)o 
Sin(&r) Cos(&s) d6 
(73b) 
(730) 
(73d) 
(74a,b,c,d) 
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and, 
2.8 Evaluation o~ the I~in1te Integrals in the Fredholm Kernels 
The integroands of the infinite integroals (74b,d) go to infinity 
as 6-0, that is, they have a pole at 6=0 • Hence, those integrals, 
if treated separately, will be divergent and their evaluation 
requires special care. 
As 6 approaches to zero, Cos(6s) goes to un1 ty, therefore the 
integroands become independent of nsn thus, because of the single 
val uedness condition, (73d) , the coefficient of the unbounded 
integroals would vanish. Equations (74b,d) could then be replaced by 
Cos(6r) (Cos(6s) - 1.0) d6 
Sin(6r) (Cos(6s) - 1.0) d6 
(75a,b) 
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3. SOLUTION OF THE SINGtn.AR INmGRAL EQUATIONS 
3.1 Solution ot the Integral Equations 
The solution of the singular integral equation 
+\ 
f[ : 
-\ 
1 
- + k(x, t) ] t(t) dt = g(x) , 
t-x 
subject to the single valuedness condition 
+\ 
ft(t)dt=O 
-\ 
-1 ~ x ( +1 (76) 
(77) 
is given in [15]. '!he method has been summarized in Appendix IV • 
However, the singular integral equa tiona (73a, c), that appear 
in this report, have two unknown functions g1 and g2. So the 
solution method that has been described in Appendix IV, should be 
modified accordingly. Also note that, since gi (s) has a power 
singularity 1/2 at the end pOints, the solution will be sought in 
the form ; 
(78) 
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where .i (s) is a function defined in the interval -1 ~ s ~ +1 and 
the indices of the singular integral equations are +1. 
Following the procedure described in [13], the integral 
equations may be expressed as 
'I' [ 
N-1 
k = 1 ,. • •• , ( N-1 ) ( 7 9a ) 
with 
1 N-! 1 
t, (s1) +L t1 (si) +- t, (sN) = 0 
2 i=~ 2 
(7gb) 
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and 
'II' 
N-1 
'II' 
M-1 
with 
1 
2 
where 
[ ~ k~, (r j' s,) ., (s, J N-I +2: k~1(rj,S1) .1 (s1) 
,\.:2. 
1 ~,(rj,sN) .,(SN)] + + -
2 
M-l [, . 
-; k22 (rj,s'1) +2(s'1) +2: • k22 (rj,S'1) ·2(s'1) 
\..~ 
1 ~2(rj,S'M) .2(S'M)] = + -
2 
j=1, •••• ,(M-1) 
M-l 1 
<>2(s'1) +2: ·2(s'1) +- +2(s'M) = 0 
\=:4 2 
1 1 
tf k 11 (r,s) = - -- + K11 (r, s) 
11' s-r 
0 , 
( BOa) 
( SOb) 
(81a,b,c,d) 
'!he kernels K11(r,s), K12(r,s), K21 (r,s), K22(r,s) are defined 
by (74a, 75a, 74c and 75b), respectively, and, 
[ 1-1 
.] si = Cos - i=1, •••• ,N 
N-1 
[ 2k-1 
.] r k = Cos - k= 1 , •••• ,( N-1) 
2N-2 
[1-1 
.] sfi = Cos - i=1, •••• ,M 
M-1 
[ 2j-1 
.] rj = Cos -- j= 1 ,. • • • , (M-1) (82a, b, c, d) 
2M-2 
Equa tions (79a, b) and (BOa, b) would give N+M unknowns 
i=1, •••• ,N and 
i= 1 , •••• , M • 
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3.2 The Stress Intensity Factors 
In Section (2.4) , it has been assumed that 
., xy(x, 0) = f1 (x) 
~yy(x,O) = f 2(x) 
-a " x " +a 
-a " x " +a 
They have been mn-dimensionalized in Section (2.7), by 
defining the following variables and functions, 
r = x/a 
S1(r) = f 1(r.a) / (Fo 
S2(r) = f 2 (r.a) / (Fo 
-1 ~ x ~ +1 
where gi's themselves are defined in the following form (see section 
3.1), for the solution of the integral equations; 
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In plane strain crack problems, the symmetric and anti-
symmetric canponents of the stress intensity factors may be defined 
as, 
( 83) 
( 84) 
Substituting the above definitions in (83) and (84), the 
co-nstants k1, k2 may be related to the functions tl' t2 as follows: 
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( B5a) 
similarly, 
~ = lmr_1 Y2a(1-r) f1 (a. r) 
= ljmr_1 Y2a( 1-r) ~ 0 g1 (r) 
ljmr_1 Y2a( 1-r) 
t](r) 
= ~o -V1-~ 
ljmr_,fo 
·1(r) 
= ~o 
-yr:;r 
( a5b) 
So the normalized stress intensity factors are 
k1 
k1 
·2(r=1) = ~;ra = 
k2 
40, (r=1) (B6a,b) k2 = = ~ora 
where, .,(r=1), .2(r=1) are 
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( fr7) 
can be obtained fran the solution of integral eqmtions (79) and 
(80) • 
3.3 The Strain Energy Release Rate 
The strain energy release ra te is defined as, 
G = ( 88) 
where, 
E = E for plane stress 
for plane strain 
K =-y;i k 
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So for our problem, which is a plane strain case, we have 
1r( 1 - ,~) 
G = (~ + k~) 
~ 
where ki ' s are defined by (85a, b), om gets 
G = ( 89) 
Note that .1' s are given by equa tions (87). 
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4. RESULlS AND DISCUSSION 
The system of integral equa. tions, with the addi tioml 
conditions (73 a, b, c,d) is solved by the technique described in 
Appendix IV and Section (3.1). The main problem encountered is the 
evalua tion of the infinite integrals ra ther than the solution of the 
integral equa. tiona. Unless these integrals, which are to be used 
later to set up the algebraic system, calculated with sufficiently 
high accuracy, the solution of the integral equa. tions will not 
obviously produce dependable results beyond certain number of 
significant digits. So the numerical integration scheme has a vital 
impor tance. 
- Before going into any integration technique, one should first 
be able to define the envelope functions, RE1(a) , TE1(a), RE2(a), 
TE2(a) , (61 a,b,c,d). Previously, these functions (as mentioned in 
Section 2.4) were unavailable in closed form. All of their de:n.red 
properties, including the asymptotic behaviours for a approaching 
infinity or zero, were accurately detennined by plotting and using 
certain tricks, such as multiplying with the powers of alpha in 
order to find out the singular behaviour around zero. Since the 
analytical expressions for the envelope functions were not 
available, they had to be calculated numerically, by solVing sixteen 
algebraic equa tions each time, say nnn times, for every ai' 
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\ 
1:1, •••. ,n. 
The number "n", which has been mentioned in the previous 
paragraph, is actually the number of points needed for the numerical 
integration scheme to give sufficient accuracy. So, obviously ftn" 
depends on the convergence of the integrands in (74 a,c) and (75 
a, b). More specifically, slower the convergence, larger will be the 
"n", or vice versa. A closer look, however, reveals that (74c) and 
(75a) do not in themselves, have a convergence problem. The 
convergence of (74a) and (75b), on the other hand, is grea tly 
affected by the adhesive thickness. As it can be seen from Table 1,2 
, convergence is very slow for thin geanetries. So, as a result, we 
end up with a very costly procedure, trying to sol ve sixteen 
Elena tions "n" times. Because of this major drawback, equation 
systems (18) and (19) are sol ved analyti cally in order to obta~n 
closed-fom solutions for the envelope functions. 
After having defined the envelope functions, one can then 
proceed with the selection of the appropriate integration scheme for 
each of the infinite integrals (74 a,c) and (75 a,b). As mentioned 
in the previous paragraph, the integrands of the equa tions (74c) and 
(75a) do not possess a convergence problem. So, they are integrated 
from zero to infinity by using Laguerre polynanials in one step. 
However, the other two, that is, (74a) and (75b) needed special 
trea tment, because of the behaviours of their integrands. 
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After a closer look, one realizes that the envelope functions 
of these integrands (74a, 75b) can be handled more easily and 
accUl"ately, if they are examined in three intervals, instead of just 
one going from zero to infinity. F.1rst, from zero to A , where the 
functions are very steep and relatively large in magni tuoo. Then 
from A to B , where the functions are smoothly deCl"eaSl.ng in 
magnitude, and finally from B to infinity where the envelope 
functions have been replaced by their asymptotic expressions for 
large alpha for computational reasons. The constants A and B , 
depend on the geometry and the material properties of the medium, 
however, in general A lies between 1 and 5 , and B is aroUnd 500 • 
i So the equa tions (7!;a) , (75b) are integI"ated in three steps using 
Filon's integration scheme, first from zero to A, then A to B, and 
finally from B to infini ty. 
Finally, the system of integral equations (73 a,c) is solved 
using Gauss-Chebyshev integration scheme as discussed ~n Appendix 
IV. It should be pointed out tha t, in order to build up the 
algebraic system for the solution, the kernels, K,,(r,s), K'2(r,s), 
K21 (1", s), K22 (r, s), (74 a, c and 75 a, b), tha t is, the inf'imte 
integI"als, have to be evaluated (N x (N-1)), (M x (N-1»), (N x 
(11-1») and (M x (M-1)) times at correspond~ng "r" and "s", 
respectively. Nand M are the number of points for which the unknown 
funct~ons ~l(s~), ~=l, ••• ,N, .2(Sj)' j=l, ••• ,M ,are evaluated (see 
Section 3.1). However, tahng into considera t10n the symmetry and 
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the anti-symmetry of the kernel s and the unknown functions .1 and 
.2 ' these numbers can be r~uced to 114' th of their original values 
-
which means a great deal of saving in computational time and money. 
This concludes almost all of the numerical considera tions regarding 
the solution of the problem. The results obtained are discussed in 
the following paragraphs. 
The material constants used in the calculations, unless 
otherwise is specified, are as follows, 
Upper and Lower Adherends Aluminum 
E1 = E4 = 10. 5 x 1 06 psi 
~1 = ~4 = 3.9474 x 106 psi 
'1 = '4 = 0.33 
Adhesive Epoxy 
E2 = E3 = 0.28 x 106 psi 
P2 = P3 = 1.0 x 105 psi 
'2 = '3 = 0.40 
The resul ts for the specimen with equal thickness adherends 
which has the same material properties have been tabulated in Tables 
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3-10. Corresponding graphs are Figures 3-6 for Tables 4,5,7 and 8 
respectively. Since the only applied load is uniaxial tension, the 
specimen is free to bend. Consequently, in the case of identical 
adherends the normal stress in the adhesive is found to be zero, 
which agrees with [4]. Also, it was observed that the adhesive shear 
stress, the corresponding stress intensity factor and the strain 
energy release rate increase as the adhesive thickness decreases. 
Table 5 shows the effect of adherend ticknesses on the adhesive 
shear stress. 
A special ge ane try is studied in Tables 9 and -10, for 
comparision with [4]. If' the stresses are to bd calculated at 
specific distances away from the right end, rather then at spec~fic 
val ues of the mn-dimensional variable (x/a), the simuar~ ty wul 
• 
become apparent. So we may conclude that the stresses are 
independent of bond length, hence, the stra~n energy release rate 
turn out to be constant(F~gure 7). The simuar resul t is found in 
[4] by using tne plate theory. 
Tables 11-20 and Figures 8-10 give the results for the specimen 
having similar adherends with mfferent thicknesses. In Table 14, 
upper plate ~s less stiff than the lower plate, wh~le ~n Table 11 
the relative stiffness is reversed. This is accomplished simply by 
va!"ying the adherend thicknesses. The peak normal stress changes 
from tenSl.on in Table 14 to compresSl.on in Table 11, whue ~ts 
52 
magnitude renains almost the same. The shear stress is compressive 
-
in both cases as expected. Tables 13 and 15 shows the ei'fect of 
(h,/a) and (h4/a) ratios on -the adhesive stresses, res~ctively.­
Again for h1 > h4 (Table 13) there is comp--essive normal. stress, for 
h, < h4 (Table 15) there is tensile normal. stress. Also it has been 
observed that the adhesive stresses, the stress intensity factors 
and the strain energy release ra te increase as the adherend 
thickness increases. The same behaviour can also be seen in Tables 5 
and 8. This trend has been noted in [3], [6]. 
Tables 21-28 give the results for the s~cimen having 
dissimilar adherends. '!he adhesive shear stress increases as the 
shear modulus of the upper plate, .." increases relative to the shear 
modulus of the lower plate "'4' IX) matter what their thickness ratio 
loS. However, the peak normal. stress is cOIJp-'essive and increases 
with increases with increasing.." for h1 > h4 (Table 21), tensile 
and decreases with increaSJ.ng "'1 for h1 < h4 (Table 22), and is 
tensile for .." < 114' zero for "'1 = "'4' compressive for "'1 > "'4 for 
equal, thickness adherends (Tables 23,24). Same trend is observed for 
the corresponding stress intensity factors (Tables 25,26,27,28 and 
Figures 1'-13). The strain energy release rate, however is as 
consistent as the shear stress, slonce shear is the daninant stress. 
Therefore G loncreases as 11, increases lon all three cases, h1 > h4 , 
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The eval ua. tion of the infinite integrals and consequently the 
numer~cal solutions of the integral equa ~ons as mentioned before, 
becomes very difficult as the th~cknesses decrease, resulting in 
costlier computa tions. For these thin geanetries convergence becanes 
very slow, hence IX) resul ts are given. However, it should be 
mentioned that in tm.s case the stresses tend to oscillate near the 
crack tip, which happens to be in agreement with [16]. 
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TAB L E S 
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Table 1. The effect of adhesive thickness on the 
envelope function R1(CX) (equation 66a). 
(h1/a)=(h4/a)=1.0 , a=1.0 in. 
R1 (a) 
ex 
(~/a)=0.0025 (~/a)=0.005 (~/a)=0.05 
5.878 2.272frT 9 2.213900 1.279204 
10.755 2.223983 2.116758 .763813 
20.510 2.126674 1.926407 .430288 
30.265 2.030539 1.744085 .348293 
40.020 1.935993 1.572448 .265924 
54.653 1.797995 1.339239 .13 f:605 
64.408 1.709048 I 1.201911 .078680 
74.163 1.622896 1.07 frT44 .041523 
83.918 1.539796 .970431 .020802 
93.673 1.45995 1 • frT6033 .010035 
103.429 1.383560 .794602 .004705 
113.184 1.310719 .724990 .002158 
122.939 1.241522 .665952 .00097 3 
132.694 1.176016 .616218 .000432 
142.449 1.114207 .574549 .000189 
152.204 1.056074 .539778 .000082 
161.959 1.001560 .510833 .000035 
171.714 .950589 .486748 .000015 
181.469 .903059 .466669 .000006 
191.224 .858851 .449849 .000003 
200.980 .817834 .435643 .000001 
210.735 .779864 .423500 .0 
220.490 .744790 .412957 .0 
230.245 .712455 .403622 .0 
240.000 .682701 .395173 .0 
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Table 2. The effect of adhesive thickness on the 
envelope function T2(ex) (equation 66<1). 
(h1/a)=(h4/a)=1.0 , a=1.0 in. 
T2( ex) 
(~/a)=0.0025 (~/a )=0. 005 (~/a )=0.05 
5.878 -2.322568 -2.313114 -2.133485 
10.755 -2.314008 -2.297474 -1.938100 
20.510 -2.299089 -2.265769 -1.485075 
30.265 -2.283301 -2.233475 -1.035337 
40.020 -2.267406 -2.200334 -.654195 
54.653 -2.243282 -2.148507 -. Z77256 
64.408 -2.226963 -2.1125911 -.143009 
74.163 -2.210420 -2.075291 -.070119 
83.918 -2.193628 -2.036698 -.033151 
93.673 -2.176563 -1.996856 -.015263 
103.429 -2.159209 -1. 955842 -.006888 
113.184 -2.141551 -1.913753 -.003060 
122.939 -2.123578 -1.870701 -.001342 
132.694 -2.105284 -1.826807 -.000582 
142.449 -2.086666 -1.782191 -.000250 
152.204 -2.067723 -1. 736974 -.000107 
161.959 -2.048458 -1.691273 -.000045 
171.714 -2.028877 -1.645198 -.000019 
181.469 -2.008986 -1.598856 -.000008 
191. 224 -1. 988795 -1.552346 -.000003 
200.900 -1.968316 -1.505762 -.000001 
210.735 -1. 947559 -1.1159192 -.000001 
220.490 -1.926539 -1.41Z722 .0 
230.2115 -1.905270 -1.3661129 .0 
240.000 -1.883765 -1.320391 .0 
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Table 3. The effect of (~/a) ratio on the adhesive stresses 
tS and 'I' with equal thickness adherends. 
(h1/a)=(h4/a)=0.35 , a=1.0 in. 
h2/a- 0.0025 0.004 0.005 0.006 
xla -'tItS 0 -'tItS 0 -'fItS 0 -'fItS 0 
.99997 1.799 1.782 1.775 1.767 
.99883 .363 .335 .324 .316 
.99533 .263 .222 .209 .200 
.98951 :246 .194 .174 .162 
.98137 .223 .188 .167 .151 
• C]TO 94 .203 .176 .161 .146 
.95825 .188 .162 .151 .140 
.94331 .175 .148 .140 .132 
.92617 .164 .135 .128 .122 
.90687 .151 .123 .116 .111 
.88546 .138 .112 .105 .101 
.a5197 .124 .102 .0952 .0916 
.83647 .108 .0922 .0859 .0826 
.80902 .0928 .0827 .0772 .0741 
.77~7 .0775 .0734 .0690 .0663 
.74851 .0631 .0644 .0613 .0590 
.71550 .0500 .0558 .0539 .0522 
.68102 .0385 .0476 .0470 .0459 
.64484 .029) .0400 .0406 .0401 
.60716 .0212 .0331 .0347 .0348 
.56806 .0152 .0270 .0293 .0299 
.52764 .0106 .0217 .0245 .0255 
.48598 .00716 .0171 .0203 .0216 
.44319 .00477 .0133 .0166 .0181 
.35460 .00192 .00772 .0107 .0123 
.30902 .00118 .00574 .00842 .00995 
.26271 .00073 .00421 .00652 .007 90 
.16836 .00021 .00207 .00356 .00453 
.07243 .0 .00076 .00139 .00182 
.02416 .0 .00025 .00046 .00060 
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Table 3. (cont.) 
for all 
~/a- 0.007 0.008 0.009 ~/a ratios 
xla -:fIlS 0 -IfllS 0 -lfllS 0 iSllSo 
.99997 1.759 1.751 1.743 0.0 
.99883 .310 .305 .301 0.0 
.99533 .192 .186 .180 0.0 
.98951 .154 .148 .143 0.0 
.98137 .140 .132 .125 0.0 
.97094 .135 .126 .118 0.0 
.95825 .130 .121 .114 0.0 
.94331 .123 .116 .109 0.0 
.92617 .116 .110 .104 0.0 
.9Q6ffT .107 .102 .0977 0.0 
.88546 .0982 .0948 .0912 0.0 
.&5197 .0892 .0868 .0842 0.0 
.83647 .0806 .0789 .0771 0.0 
• 80~2 .0724 .0712 .0700 0.0 
.77~7 .0648 .0638 .0630 0.0 
.74851 .0577 .0570 .0565 0.0 
.71560 .0512 .0506 .0503 0.0 
.68102 .0451 .0447 .0446 0.0 
.64484 .0396 .0393 .0393 0.0 
.60716 .0346 .0344 .0345 0.0 
.56806 .0300 .0300 .0301 0.0 
.52764 .0258 .0259 .0261 0.0 
.48598 .0221 .0223 .0225 0.0 
.44319 .0187 .0190 .0193 0.0 
.35460 .0131 .0135 .0138 0.0 
.30~2 .0107 .0111 .0114 0.0 
.26271 .00863 .00902 .00929 0.0 
.16836 .00506 .00536 .00555 0.0 
.07243 .00207 .00221 .00229 0.0 
.02416 .00068 .00073 .00076 0.0 
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Table 4. The effect of (~/a) ratio on the adhesive stresses 
is and l' with equal thickness adherends. 
(h1/a)=(h4/a)=0.25 , a=1.0 in. 
h2/a- 0.0025 0.004 0.005 0.006 
x/a -If/~ 0 -If/~ 0 -1'/~ 0 -If It; 0 
.99997 1.515 1.496 1.488 1.400 
.99883 .305 .281 .272 .265 
.99533 .221 .185 .175 .167 
.98951 .205 .162 .145 .135 
.98137 .185 .156 .138 .125 
.97094 .167 .145 .132 .120 
.95825 .153 .132 .123 .114 
.94331 .141 .119 .112 .106 
.92617 .130 .107 .101 .096 9 
.90687 .118 .0960 .0908 .0875 
.88546 .105 .0860 .0809 .0782 
.86197 .0909 .0765 .0718 .0694 
.83647 .0768 .0675 .0634 .0613 
.80902 .0629 .0589 .0556 .0538 
.77967 .0497 .0506 .0483 .0469 
.74851 .0379 .0428 .0416 .0406 
.71560 .0278 .0356 .0355 .0350 
.68102 .0196 .0291 .0299 .0298 
.64484 .0134 .0233 .0249 .0252 
.60716 .00872 .0183 .0204 .0212 
.56806 .00550 .0142 .0166 .0176 
.52764 .00334 .0107 .0133 .0145 
.48598 .00193 .0796 .0105 .0118 
.44319 .0011 0 .00581 .00822 .00957 
.35460 .00029 .00293 .00482 .00605 
.30902 .00014 .00203 .00362 .00473 
.26271 .0 .00138 .00268 .00363 
.16836 .0 .00059 .00135 .001 97 
.07243 .0 .00020 .00050 .00077 
• 02lJ 16 .0 .0 .00016 .00025 
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Table 4. (cont.) 
for all 
~/a- 0.007 0.008 0.009 ~/a ra tios 
x/a -*t/1S 0 -I(/~ 0 -'fItS 0 is/tS o 
.99997 1.471 1.463 1.455 0.0 
.99883 .259 .255 .251 0.0 
.99533 .160 .155 .150 0.0 
.98951 .128 .123 .119 0.0 
.98137 .116 .109 .103 0.0 
.97094 .111 .103 .0970 0.0 
.95825 .106 .0985 .0926 0.0 
.94331 .0995 .0933 .0879 0.0 
.92617 .0922 .0874 .0827 0.0 
.90687 .0842 .0807 .0770 0.0 
.88546 .0760 .0735 .0709 0.0 
.86197 .0678 .0662 .0644 0.0 
.83647 .0601 .0591 .0579 0.0 
.80902 .0528 .0522 .0515 0.0 
• 77t;fl7 .0462 .0458 .0455 0.0 
.74851 .0401 .0399 .0398 0.0 
.71560 .0346 .0346 .0346 0.0 
.68102 .0297 .0298 .0300 0.0 
.64484 .0254 .0255 .0258 0.0 
.60716 .0215 .0217 .0220 0.0 
.56006 .0181 .0184 .0187 0.0 
.52764 .0151 .0155 .0158 0.0 
.48598 .0125 .0130 .0133 0.0 
.44319 .0103 .0108 .0111 0.0 
, 
.35460 .00679 .00724 .00758 0.0 
.30902 .00541 .00584 .00615 0.0 
.26271 .00424 .00462 .00490 0.0 
.16836 .00238 .00265 .00283 0.0 
.07243 .00095 .00107 .00115 0.0 
.02416 .00031 .00035 .00038 0.0 
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Table 5. The ef'fect of (h1/a , h4/a) ratios on the adhesive 
stresses ~ and 4f with equal thickness adherends. 
(~/a) =0.0025 , h1=h4 ' a=1.0 in. 
for all 
h1/a- 0.25 0.30 0.35 0.50 1.0 h1/a ra tios 
x/a -1' 11$ 0 -1'11$ 0 -#fItS 0 -#fItS 0 -#f ItS 0 ~/(fo 
.99997 1.515 1.663 1.799 2.157 3.059 0.0 
.99883 .305 .336 .363 .436 .619 0.0 
.99533 .221 .243 .263 .317 .451 0.0 
.98951 .205 .226 .246 .297 .424 0.0 
.98137 .185 .205 .223 .271 .389 0.0 
.97094 .167 .186 .203 .248 .358 0.0 
.95825 .153 .171 .188 .231 .337 0.0 
.94331 .141 .159 .175 .217 .321 0.0 
.92617 .130 .147 .164 .205 .307 0.0 
.906 B7 .118 .135 .151 .193 .293 0.0 
.88546 .105 .122 .138 .179 .278 0.0 
.86197 .0909 .108 .124 .164 .261 0.0 
.83647 .0768 .0932 .108 .148 .243 0.0 
.80902 .0629 .0783 .0928 .131 .223 0.0 
.77~7 .0497 .0639 .0775 .114 .203 0.0 
.74851 .0379 .0506 .0631 .0973 .182 0.0 
.71560 .0278 .0388 .0500 .0817 .163 0.0 
.68102 .0196 .0289 .0385 .0674 .144 0.0 
.64484 .0134 .0208 .0290 .0547 .127 0.0 
.60716 .00872 .0145 .0212 .0437 .111 0.0 
.56006 .00550 .00982 .0152 .0345 .0~4 0.0 
.52764 .00334 .00646 .0106 .0268 .0836 0.0 
.48598 .00193 .00408 .00716 .0205 .0720 0.0 
.44319 .00110 .00254 .00477 .0155 .0618 0.0 
.35460 .00029 .00086 .00192 .00845 .0442 0.0 
.30902 .00014 .00048 .00118 .00611 .0367 0.0 
.26271 .0 .00029 .00073 .00437 .0300 0.0 
.16836 .0 .0 .00021 .00200 .0179 0.0 
.07243 .0 .0 .0 .00074 .00749 0.0 
.02416 .0 .0 .0 .00025 .00250 0.0 
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Table 6. The effect of (h2/a) ratio on the normalized 
stress intensity factors (k1/ko , k2/ko) and 
the strain energy release rate, GIGo' with 
equal thiclmess adherends. 
h2/a 
k1/ko 
k2/ko 
G/Go 
~/a 
k1/ko 
k2/ko 
G/Go 
(h1/a)=(h4/a)=0.35 , ko=CJ' o-Va 
GO=(F~a/E2 ' a= 1. 0 in. 
0.0025 0.004 0.005 
0.0 0.0 0.0 
-.01394 -.01380 -.01375 
.513E-3 .503E-3 .499E-3 
0.007 0.008 0.009 
0.0 0.0 0.0 
-.01363 -.01356 -.01350 
.490E-3 .485E-3 .481 E-3 
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0.006 
0.0 
-.01369 
.495E-3 
Table 7. The effect of (~/a) ratio on the normalized 
stress intensity factors (k1/ko ' k2/ko) and 
the strain energy release rate, GIGo' with 
equal thickness adherends. 
~/a 
(h1/a)=( h4/a)=0.25 , ko=fI fa 
Go=fI~a/E2 ' a= 1.0 in. 
0.0025 
0.0 
-.01173 
.363E-3 
0.007 
0.0 
-.01140 
• 343E-3 
0.004 
0.0 
-.01159 
• 354E-3 
0.008 
0.0 
-.01133 
.339E-3 
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0.005 
0.0 
-.01153 
.351E-3 
0.009 
0.0 
-.01127 
.335E-3 
0.006 
0.0 
-.01146 
.347E-3 
Table B. The effect of (h1/a I h4/a) ratJ.os on the normalized 
stress intensity factors (k 1/ko ' k2/ko) and the_ 
strain energy release rate, GIGo' with equal 
thiclaless adherends. 
h la 
(~/a) =0.0025 I ko=fS;;./a , h1 = h4 
Go=fS~a/E2 ' a= 1. 0 in. 
0.25 0.30 0.35 0.50 1.0 
0.0 0.0 0.0 0.0 0.0 
-.01173 -.01288 -.013~ -.01671 -.02369 
• 363E-3 .43BE-3 .513E-3 .737E-3 .14BE-2 
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Table 9. The effect of N , the nunber of unknown funct~ons 
selected in the solution of the system of integroal 
equa tions (Section 3.1) , on the stress intensi. ty 
factor and the strain energy release rate for thin 
geanetries and the comp3.rision of (GIGo) with the 
pla te sol ution in Ref. [4] • 
h1=h4=0.125 ~., ~=O.0025 in. 
ko=~ oVa, Go=~~a/E2 • 
Gpla te=0.2581 , cr 0=2E+4 lb/in
2 
• 
Plate 
N=26 N=29 N=33 Solo. 
k1 /ko 0.0 0.0 0.0 0.0 
a=1.0 
k2 /ko -.00816 -.00821 -.00818 
GIGo .176E-3 .178E-3 • 177E-3 • 181E-3 
N=37 N=40 N=45 
a=2.0 
k1 /ko 0.0 0.0 0.0 0.0 
~/ko -.00578 -.00581 -.0057 9 . 
i 
GIGo • 882E-4 .891 E-4 .885E-4 
I I . 903E-4 
I 
I 
N=41 N=45 
k1 /ko 0.0 0.0 0.0 
a=3.0 
k2 /ko -.00465 -.00471 
GIGo .571 E-4 .585E-4 .602E-4 
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Table 10. The effect of' bond length (a), on the adhesive 
stresses IS and 'f , with equal thickness 
adherends, for thin geanetries. 
a- 1.0 2.0 3.0 1.0,2.0,3.0 
xla -If lIS 0 -#fIlS 0 -If lIS 0 ISllS o 
.99997 1.052 .748 .609 0.0 
.99938 .265 .208 .189 0.0 
.99751 .172 .151 .144 0.0 
.99440 .144 .137 .124 0.0 
.99005 .138 .121 .110 0.0 
.98447 .131 .106 .0990 0.0 
.97766 .121 .0943 .0861 0.0 
.96963 .109 .0832 .0704 0.0 
.96039 .0979 .0718 .0526 0.0 
.94996 .0872 .0600 .0350 0.0 
.93834 .0774 .0479 .0202 0.0 
.92556 .0684 .0362 .00993 0.0 
.91162 .0600 .0258 .00408 0.0 
.89655 .0522 .0170 .00139 0.0 
.88036 .0448 .0104 .00038 0.0 
.86307 .0380 .00578 .0 0.0 
.84471 .0317 .00293 .0 0.0 
.82529 .0261 .00135 .0 0.0 
.80485 .0210 .00054 .0 0.0 
.78340 .0167 .00020 .0 0.0 
.76098 .0129 .0 .0 0.0 
.73761 .00983 .0 .0 0.0 
, 
.71332 .00731 .0 .0 0.0 
.66211 .00378 .0 .0 0.0 
.60759 .00178 .0 .0 0.0 
.55006 .00076 .0 .0 0.0 
.48978 .00029 .0 .0 0.0 
.42706 .00010 .0 .0 0.0 
.39488 .0 .0 .0 0.0 
.01765 .0 .0 .0 0.0 
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Table 11. The effect of (~/a) ratio on the adhesive 
stresses fI and 'r with different thickness 
adherends. 
( ~/a)=0.03 (~/a)=0.04 
x/a -'r/fl 0 fI/flo -'r/fl 0 fI/flo 
.99997 2.174 -.523 2.023 -.464 
.99883 .356 -.0891 .330 -.0778 
.99533 .190 -.0527 .173 -.0441 
.98951 .139 -.0444 .124 -.0354 
.98137 .116 -.0426 .101 -.0327 
.97094 .101 -.0420 .0879 -.0318 
.95825 .0912 -.0409 .0786 -.0312 
.94331 .0844 -.0389 .0716 -.0301 
.92617 .0801 -.0363 .0666 -.0284 
.90687 .0771 -.0334 .0631 -.0264 
.88546 .0745 -.0301 .0606 -.0240 
.86197 .0717 -.0267 .0583 -.0215 
.83647 .0689 -.0232 .0561 -.0189 
.80902 .0659 -.0197 .0538 -.0162 
.77Cjj7 .0629 -.0162 .0514 -.0134 
.74851 .0597 -.0128 .0489 -.0107 
.71560 .0565 -.00950 .0463 -.00794 
.68102 .0532 -.00632 .0437 -.00531 
.64484 .0499 -.00326 .0411 -.00276 
.60716 .0466 -.00034 .0384 -.00033 
.56806 .0432 .00243 .0356 .00197 
.52764 .0398 .00505 .0329 .00412 
.48598 .0364 .00750 .0301 .00612 
.44319 .0330 .00977 .0273 .00795 
.35460 .0261 .0137 .0216 .0111 
.30902 .0226 .0154 .0188 .0124 
.26271 .0191 .0168 .0159 .0135 
.16836 .0122 .0190 .0102 .0152 
.07243 .00523 .0203 .00436 .0162 
.02416 .00174 .0205 .00145 .0163 
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Table 11. (cont.) 
(h2/a) =0.05 (h2/a)=0.06 
x/a -'tlfl 0 iSlflo -'tlfl 0 fl/flo 
.99997 1.905 -.419 1.806 -.385 
.99883 .309 -.0695 .292 -.0635 
.99533 .160 -.0384 .151 -.0344 
.98951 .113 -.0297 .105 -.0260 
.98137 .0912 -.0266 .0838 -.0227 
.97094 .0786 -.0255 .0716 -.0214 
.95825 .0700 -.0249 .0635 -.0207 
.94331 .0635 -.0242 .0574 -.0201 
.92617 .0583 -.0231 .0525 -.0193 
.906 fr( .0545 -.0216 .0485 -.0182 
.88546 .0516 -.0199 .0455 -.0169 
.86197 .0494 -.0180 .0431 -.0153 
.83647 .0475 -.0160 .0412 -.0137 
.80902 .0455 -.0138 .0394 -.0119 
• 77t157 .0436 -.0116 .0377 -.0101 
.74851 .0415 -.00940 .0360 -.00822 
.71560 .039'J -.00716 .0342 -.00633 
.68102 .0372 -.004 t15 .0323 -.00445 
.64484 .0350 -.00280 .0304 -.00260 
.60716 .0327 -.00072 .0285 -.00080 
.56806 .0304 .00126 .0265 .00092 
.52764 .0281 .00314 .0245 .00256 
.48498 .0257 .00490 .0224 .00410 
.44319 .0233 .00652 .0204 .00553 
~ 
.35460 .0185 .00933 .0162 .00BoO 
.30902 .0160 .0105 .0141 .00903 
.26271 .0136 .0115 .0119 .00993 
.16836 .00866 .0130 .00762 .0113 
.07243 .00372 .0139 .00327 .0121 
.02416 .00124 .0141 .00109 .0122 
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Table 11. (cont.) 
(h2/a)=0.07 (h2/a)=0.1 
x/a -'IltS 0 tSltSo -'IltS 0 tSltS o 
.99997 1.723 -.357 1.535 -.299 
.99883 .278 -.0586 .247 -.0486 
.99533 .143 -.0314 .126 -.0254 
.98951 .0990 -.0233 .0859 -.0182 
.98137 .0781 -.0199 .0666 -.0149 
.97094 .0662 -.0184 .0555 -.0132 
.95825 .0585 -.0176 .0483 -.0123 
.94331 .0527 -.0171 .0432 -.0117 
.92617 .0481 -.0164 .0392 -.0112 
.906 B7 .0443 -.0156 .0359 -.0106 
.88546 .0411 -.0146 .0330 -.0100 
.86197 .0386 -.0133 .0305 -.00927 
.83647 .0366 -.0120 .0284 -.00842 
.00902 .0349 -.0105 .0266 -.00746 
.77~7 .0333 -.00895 .0250 -.00644 
.74851 .0318 -.00736 .0237 -.00537 
.71560 .0302 -.00575 .0224 -.00426 
.68102 .0286 -.00412 .0211 -.00313 
.64484 .0269 -.00251 .0199 -.00199 
.60716 .0252 -.00093 .0187 -.00087 
.56006 .0235 .00060 .0174 .00024 
.52764 .0217 .00206 .0161 .00131 
.48598 .0199 .00345 .0147 .00233 
.44319 .0100 .00474 .0134 .00330 
.35460 .0143 .00700 .0107 .00501 
.30902 .0124 .00796 .00926 .00575 
.26271 .0105 .00879 .007 85 .00639 
.16836 .00673 .0101 .00501 .00737 
.07243 .00289 .0108 .00215 .007 93 
.02416 .OOO~ .0109- .00072 .00004 
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Table 12. The et'fect of bond length (a), on the adhesive 
stresses tS and ., , with d1ffe~ent thickness 
adher~nds. 
h,=1.0 in., h4=0.5 in., ~=O.' in. 
a=2.0 a=3.0 a=4.0 
xla -#fItS 0 tSltS o -#fItS 0 tSlflo -#fItS 0 tSltS o 
.99997 1.511 -.414 1.333 -.375 1.176 -.333 
.99883 .245 -.0686 .218 -.0632 .193 -.0570 
.99533 .127 -.0377 .115 -.0362 .103 -.0340 
.98951 .0894 -.0289 .0827 -.0294 .0761 -.0288 
.98137 .0718 -.0256 .0679 -.0271 .0631 -.0271 
.97094 .0616 -.0242 .0588 -.0259 .0547 -.0254 
.95825 .0547 -.0233 .0522 -.0243 .0487 -.0229 
.94331 .0493 -.0222 .0474 -.0221 .0449 -.0197 
.92617 .0451 -.0207 .0441 -.0194 .0423 -.0160 
.90687 .0419 -.0189 .0417 -.0163 .0400 -.0122 
.88546 .0395 -.0168 .0397 -.0131 .0377 -.00834 
.86197 .0376 -.0145 .0378 -.00979 .0354 -.00472 
.83647 .0359 -.0121 .0358 -.00660 .0331 -.00147 
-.809:>2 .0343 -.009)1 .0338 -.00361 .0308 .00129 
.77~7 .0326 -.00720 .0317 -.00092 .0285 .00348 
.74851 .0310 -.00486 .0297 .00139 .0262 .00507 
.71560 .0292 -.00265 .0277 .00329 .0240 .00609 
.68102 .0275 -.00061 .0257 .00476 .0218 .00658 
.64484 .0257 .00122 .0237 .0057 9 .0197 .00661 
.60716 .0240 .00282 .0217 .00643 .0177 .00628 
.56806 .0222 .00418 .0198 .00670 .0157 .00570 
.52764 .0204 .00530 .0179 .00669 .0139 .00498 
.48598 .0186 .00619 .0161 .00643 .0122 .00420 
.44319 .0168 .00686 .0143 .00602 .0106 .00344 
.35460 .0133 .00766 .0110 .00492 .00771 .00220 
.309:>2 .0115 .00784 .00935 .00435 .00645 .00177 
.26271 .00gT1 .00793 .00780 .00381 .00528 .00145 
.16836 .00617 .00792 .00486 .00295 .00319 .00112 
.07243 .00264 .00784 .00205 .00244 .00133 .00101 
.02416 .00088 .00782 .00068 .00234 .000439 .00099 
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Table 13. The effect of (h1/a) ratio on the adhesive 
stresses IS and 'f with different thickness 
adherends. 
(h4/a )=0.5 , (h2/a) =0.1 , a=1.0 in. 
( h1/a)=1.0 (h1/a )=2.0 (h1/a)=3.0 
x/a -'fIlS 0 IS lIS 0 -"IllS 0 fS/fS o -'f/fS 0 fSlflo 
.99997 1.535 -.299 1.605 -.391 1.620 -.405 
.99883 .241 -.0486 .259 -.0637 .261 -.0659 
.99533 .126 -.0254 .131 -.0333 .133 -.0344 
.98951 .0859 -.0182 .0899 -.0238 .0907 -.0246 
.98137 .0666 -.0149 .0698 -.0195 .0104 -.0202 
.97094 .0555 -.0132 .0582 -.0173 .0587 -.0179 
.95825 .0483 -.0123 .0506 -.0160 .0511 -.0166 
.94331 .0432 -.0111 .0453 -.0152 .0457 -.0158 
.92611 .0392 -.0112 .0412 -.0146 .0415 -.0151 
.90687 .0359 -.0106 .0317 -.0139 .0380 -.0144 
.88546 .0330 -.0100 .0347 -.0131 .0350 -.0135 
.8)197 .0305 -.00921 .0322 -.0121 .0324 -.0125 
,83647 .0284 -.00842 .0299 -.0110 .0302 -.0114 
.809)2 .0266 -.00146 .0281 -.00971 .0283 -.0101 
.71~7 .0250 -.00644 .0264 -.00837 .0267 -.0086 8 
.74851 .0237 -.00537 .0250 -.006~ .0253 -.00723 
.71560 .0224 -.00426 .0237 -.00551 .0239 -.00573 
.68102 .0211 -.00313 .0224 -.00403 .0226 -.00420 
.64484 .0199 -.00199 .0211 -.00255 .0213 -.00261 
.60716 .0187 -.00087 .0198 -.00108 .0200 -.00115 
.56806 .0174 .00024 .0185 .00035 .0187 .00034 
.52764 .0161 .00131 .0111 .00174 .0113 .00178 
.48598 .0147 .00233 .0157 .00307 .0159 .00316 
.44319 .0134 .00330 .0143 .00432 .0145 .00446 
.35460 .0107 .00501 .0113 .00653 .0115 .00677 
.309)2 .00926 .00575 .00980 .00748 .0100 .00776 
.26271 .00785 .00639 .00830 .00831 .00850 .00862 
.21578 .00644 .00693 .00681 .00901 .00698 .00936 
.16836 .00501 .00731 .00531 .00958 .00544 .00995 
.07243 .00215 .00793 .00229 .0103 .00234 .0107 
.02416 .00071 .00804 .00076 .0104 .0007 8 .0109 
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Table 14. The effect of (~/a) ratio on the adhesive 
stresses fII and l' with different thiclaless 
adherents. 
(h1/a) =0. 5 , (h4/a) =1. 0 , a=1.0 in. 
(~/a)=0.03 (~/a)=0.04 (~/a)=0.05 
x/a -1f/tS 0 is/iS 0 -1'/fII 0 is/fllo -1'/tS 0 tS/lSo 
.99997 2.173 .525 2.023 .464 1.904 .419 
.99883 .356 .0895 .330 • m78 .309 .06g) 
.99533 .190 .0529 .173 .0441 .160 .0385 
.98951 .139 .0446 .124 .0354 .113 .0298 
.98137 .115 .0427 .101 .0323 .0911 .0267 
.97094 .101 .0421 .0879 .0318 .0785 .0255 
.95825 .0911 .0410 .0786 .0312 .0700 .0249 
.94331 .0843 .0390 .0716 .0301 .0634 .0242 
.92617 .0801 .0364 .0666 .0284 .0583 .0231 
.90687 .0771 .0334 .0631 .0264 .0544 .0216 
.88546 .0744 .0301 .0606 .0240 .0516 .0199 
.86197 .0717 .0266 .0583 .0215 .0494 .0100 
.83647 .0688 .0231 .0561 .0189 .0474 .0159 
.00902 .0659 .0195 .0538 .0162 .0455 .0138 
.77g)7 .0628 .0160 .0514 .0134 .0435 .0116 
.74851 .0596 .0126 .0489 .0107 .0415 .00931 
.71560 .0564 .00931 .0463 .00794 .0393 .omm 
.68102 .0532 .00612 .0437 .00531 .0372 .00486 
.64484 .0499 .00306 .0411 .00276 .0350 .00271 
.60716 .0465 .00014 .0384 .00033 .0327 .00064 
.56806 .0432 -.00262 .0356 -.00197 .0304 -.00134 
.52764 .0398 -.00521 .0329 -.00412 .0281 -.00321 
.48598 .0364 -.00763 .0301 -.00612 .0257 -.00495 
.44319 .0330 -.00985 .0273 -.00795 .0233 -.00655 
.35460 .0261 -.0137 .0216 -.0111 .0185 -.00931 
.30902 .0227 -.0153 .0188 -.0124 .0161 -.0105 
.26271 .0192 -.0167 .0159 -.0135 .0137 -.0114 
.16836 .0123 -.0188 .0102 -.0152 .00872 -.0129 
.07243 .00526 -.0201 .00436 -.0162 .00374 -.0138 
.02416 .00175 -.0203 .00145 -.0163 .00125 -.0140 
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Table 14. (cont.) 
(h2/a) =0. 06 (h2/a) =0.07 (h2/a)=0.1 
x/a -If/IS 0 IS/ISo -If/IS 0 IS/IS 0 -If/IS 0 IS/ISo 
.99997 1.806 .385 1.723 .358 1.536 .299 
.997 95 .222 .0489 .211 .0450 .18'7 .0371 
.99179 .117 .0281 .110 .0253 .0962 .0200 
.98156 .0841 .0228 .0784 .0200 .0670 .0150 
.96729 .0688 .0211 .0635 .0181 .0530 .0129 
.94906 .0595 .0203 .0547 .0173 .0449 .0119 
.92692 .0527 .0193 .0483 .0165 .0394 .0112 
.90097 .0476 .0178 .0433 .0153 .0351 .0105 
.87132 .0440 .0160 .0395 .0138 .0315 .00956 
.83809 .0413 .0138 .0367 .0120 .0285 .00845 
.80141 .0390 .0115 .0345 .0100 .0262 .00718 
-.76145 .0367 .00900 .0324 .00797 .0242 .00578 
.71835 .0343 .00650 .0303 .00583 .0225 .00432 
.67230 .0319 .00401 .0282 .00367 .0209 .00282 
.62349 .0293 .00159 .0259 .00155 .0192 .00132 
.57212 .0267 -.00073 .0236 -.00049 .0175 -.00016 
.51839 .0240 -.00290 .0213 -.00242 .0158 -.00157 
.46254 .0213 -.00489 .0189 -.00419 .0140 -.00289 
.40478 .0186 -.00667 .0164 -.00579 .0122 -.00409 
.34537 .0158 -.00822 .0140 -.00719 .0103 -.00516 
.28453 .0130 -.00953 .0115 -.00838 .00842 -.00608 
.22252 .0101 -.0106 .00894 -.00935 .00656 -.00683 
.15~0 .00723 -.0114 .00640 -.0101 .00470 -.00741 
.0~02 .00434 -.0120 .00384 -.0106 .00283 -.00780 
.03205 .00145 -.0122 .00128 -.0108 .00094 -.00799 
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Table 15. The effect of (h4/a) ratio on the adhesive 
stresses fS and 'r with different thickness 
adherends. 
( h4/a)=1.0 (h4/a)=2.0 (h4/a)=3.0 
x/a -#f/fS fS/tS -'r/fS fS/fS
o 
-'fItS fS/fS o 0 0 0 0 
.99997 1.723 .358 1.818 .479 1.840 .499 
.99795 .211 .0450 .223 .0603 .226 .0628 
.99179 .110 .0253 .116 .0339 .118 .0352 
.98156 .0784 .0200 .0829 .0268 .0839 .0278 
.96729 .0635 .0181 .0672 .0243 .<l680 .0252 
.94906 .0547 .0173 .0579 .0231 .05 e6 .0241 
.92692 .0483 .0165 .0512 .0220 .0518 .0229 
.90097 .0433 .0153 .0460 .0205 .0465 .0213 
.87132 .0395 .0138 .0420 .0185 .0426 .0192 
... 83809 .0367 .0120 .0391 .0161 .0396 .0167 
.80141 .0345 .0100 .0368 .0134 .0372 .0140 
.76145 .0324 .00797 .0346 .0106 .0351 .0110 
.71835 .0303 .00583 .0325 .00778 .0329 .00806 
.67230 .0282 .00367 .0302 .00489 .0306 .00506 
.62349 .0259 .00155 .0279 .00206 .0282 .00212 
.57212 .0236 -.00049 .0254 -.00066 .0258 -.00071 
.51839 .0213 -.00242 .0230 -.00323 .0233 -.00337 
.46254 .0189 -.00419 .0204 -.00560 .0207 -.00583 
.40478 .0164 -.0057 9 .0178 -.00774 .0180 -.00804 
.34537 .0140 -.00719 .0151 -.00 ~1 .0154 -.00999 
.28453 .0115 -.00838 .0124 -.0112 .0126 -.0116 
.22252 .00894 -.00935 .00972 -.0125 .00986 -.0130 
.15~0 .00640 -.0101 .00696 -.0135 .00707 -.0140 
.0~02 .00384 -.0106 .00419 -.0141 .00425 -.0147 
.03205 .00128 
-.0108 .00140 -.0145 .00142 -.0150 
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Table 16. The effect of (h2/a) ratio on the normalized 
stress intensity factors (k 1/ko' k2/ko) and 
the st.!'"ain energy release ra te , G/ Go' wi th 
different thickness adherends. 
~/a 
(h1/a)=1.0 , (h4/a)=0.5 ,ko=~dfi. 
Go=~~a/E2 ' a: 1. 0 in. 
0.03 0.04 0.05 0.06 
-.00405 -.00359 -.00324 -.00298 
-.0168 -.0157 -.0148 -.0140 
• 745E-3 .650E-3 .578E-3 .517E-3 
0.07 0.1 
-.00277 -.00232 
-.0133 -.0119 
.467E-3 .374E-3 
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Table 17. The effect of bond length (a) , on the normalized 
stress intensity factors (k1/ko ' k2/ko)_and the 
strain energy release rate, GIGo, with 
different thickness adherends. 
k1 /ko 
k2/ko 
GIGo 
h1=1.0 in., ~=0.1 in., h4=0.5 in., ko=~;}/2, 
Go=4r~a/E2 • 
a=2.0 a:3.0 a:4.0 
-.00321 -.00291 -.00258 
-.0117 -.0103 -.00911 
.361E-3 .280E-3 .219E-3 
Table 18. The effect of (h1/a) ratio on the normallZed 
stress intensity factors (k 1/ko' k2/ko) and 
the strain energy release rate , G/ Go' wi th 
different thickness adherends. 
(h4/a)=0.5 , (~/a)=0.1 , ko=4ro a 
Go="'~a/E2 ' a= 1.0 in. 
1.0 2.0 3.0 
-.00232 -.00303 -.00314 
-.0119 -.0124 -.0125 
• 374E-3 .406E-3 .412E-3 
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Table 19. The effect of (h2/a) ratio on the normalized 
stress intensity factors (k 1/ko' k2/ko) and 
the strain energy release rate, GIGo' with 
different thickness adherends. 
~/a 
(h1/a)=0.5 , (h4/a)=1.0 , ko=cr ova 
Go=cr~a/E2 ' a= 1. 0 in. 
0.03 0.04 0.05 0.06 
.00407 .00360 .00325 .00298 
-.0168 -.0157 -.0148 -.0140 
• 789E-3 .685E-3 .606E-3 .541 E-3 
0.07 0.1 
.00277 .00232 
-.0133 -.0119 
.487E-3 .388E-3 
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Table 20. The effect of (h4/a) ratio on the normalized 
stress intensity factors (k1/ko' k2/ko) and 
the strain energy release ra te, G/ Go' with 
different thickness adherends. 
(h-i/a )=0.5 , (~/a)=0.07 , ko=fSoVa 
Go=~~a/E2 ' a:1.0 in. 
1.0 2.0 3.0 
.00277 .00371 .00386 
-.0138 -.0141 -.0143 
• 523E-3 .561E-3 .57 9E-3 
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Table 21. The et'fect of the material properties on the 
adhesi ve stresses '1 and l' with different 
thickness adherends. 
x/a 
.99997 
.997 95 
.99179 
.98156 
.96729 
.94906 
.92692 
_ .90097 
.87132 
.83809 
.80141 
.76145 
.71835 
.67230 
.62349 
.57212 
.51839 
.46254 
.40478 
.34537 
.28453 
.22252 
.159>0 
.09602 
.03205 
(h1/a)=1.0 , (h4/a)=0.5 , 
(~/a)=0.07 , a=1.0 in. 
"'1="'4 /2 111 =114 
-'11'1 0 f1ltS o -'I ItS 0 tSltS o 
1.582 -.205 1.723 -.358 
.194 -.0258 .211 -.0450 
.101 -.0145 .110 -.0253 
.0716 -.0114 .0784 -.0200 
.0578 -.0104 .0635 -.0181 
.0496 -.00990 .0547 -.0173 
.0436 -.00946 .0483 -.0165 
.0389 -.00880 .0433 -.0153 
.0354 -.00793 .0395 -.0138 
.0327 -.00689 .0367 -.0120 
.0306 -.00574 .0345 -.0100 
.0286 -.00454 .0324 -.00797 
.0267 -.00331 .0303 -.00583 
.0247 -.00207 .0282 -.00367 
.0226 -.00086 .0259 -.00155 
.0206 .00030 .0236 .00049 
.0184 .00140 .0213 .00242 
.0163 .00241 .0189 .00419 
.0141 .00332 .0164 .00579 
.0120 .00411 .0140 .00719 
.00981 .00479 .0115 .00838 
.00763 .00534 .00894 .00935 
.00545 .00576 .00640 .0101 
.00327 .00604 .00384 .0106 
.00109 .00618 .00128 .0108 
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"'1 =2114 
-'I ItS 0 tSltS o 
1.813 -.459 
.222 -.0579 
.116 -.0326 
.0828 -.0258 
.0672 -.0234 
.0580 -.0224 
.0513 -.0213 
.0lJ61 -.0199 
.0422 -.0180 
.0393 -.0157 
.0370 -.0132 
.0349 -.0105 
.0327 -.00771 
.0305 -.00491 
.0281 -.00214 
.0257 .00054 
.0232 .00307 
.0206 .00540 
.0180 .00751 
.0153 .00937 
.0126 .0109 
.00982 .0122 
.00704 .0132 
.00423 .0139 
.00141 .0142 
Table 22. The effect of the material properties on the 
adhesive stresses ~ and If with different 
thickness adherends. 
x/a 
.99997 
.99795 
.99179 
.98156 
.96729 
.94906 
.92692 
- .90097 
.87132 
.83809 
.80141 
.76145 
.71835 
.67230 
.62349 
.57212 
.51839 
.46254 
.40478 
.34537 
.28453 
.22252 
.15~0 
.09)02 
.03205 
(h1/a)=0.5 , (h4/a )=1.0 , 
( ~/ a) =0.07 , a= 1 .0 in. 
'" 1 ='" 4/2 "'1 =114 
-If/tS 0 tS/tS 0 -If/tS 0 tS/tS o 
1.570 .534 1.723 .358 
.192 .0670 .211 .0450 
.100 .0374 .110 .0253 
.0712 .0293 .0784 .0200 
.0575 .0263 .0635 .0181 
.0493 .0247 .0547 .0173 
.0435 .0233 .0483 .0165 
.0389 .0213 .0433 .0153 
.0354 .0189 .0395 .0138 
.0329 .0161 .0367 .0120 
.0308 .0132 .0345 .0100 
.0289 .0102 .0324 .00797 
.0270 .00708 .0303 .00583 
.0251 .00408 .0282 .00367 
.0231 .0012:> .0259 .00155 
.0210 -.00150 .0236 -.00049 
.0189 
-.00399 .0213 -.00242 
.0168 -.00622 .0189 -.00419 
.0146 -.00818 .0164 
-.00579 
.0124 
-.00986 .0140 -.00719 
.0102 -.0113 .0115 -.00838 
.00797 -.0124 .00894 -.00935 
.00571 -.0132 .00640 -.0101 
.00343 -.0138 .00384 -.0106 
.00115 -.0141 .00128 -.0108 
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"1=2"4 
-If/tS 0 ~/lSo 
1.839 .172 
.226 .0~16 
.118 .0122 
.0840 .00971 
.0682 .00890 
.0588 .0085 8 
.0520 .00828 
.0467 .00780 
.0428 .00712 
.0398 .00628 
.0374 .00534 
.0352 .00433 
.0330 .00326 
.0307 .00216 
.0283 .00107 
.0259 -.00001 
.0233 -.00104 
.0207 -.00201 
.0180 -.00290 
.0153 -.00370 
.0126 -.00438 
.00981 -.00494 
.00702 -.00537 
.00422 -.00 567 
.00141 -. 00500 
Table 23. The effect of the material properties on the 
adhesive stresses er and 'I' with equal thickness 
adherends. 
"1="4/2 "1 =11 4 "1 =2114 
xla -fIlS 0 ISllS o -fIlS 0 IS/cro -f/er 0 cr/cr o 
.99997 1.368 .204 1.529 0.0 1.669 -.198 
.99883 .221 .0335 .247 0.0 .270 -.0324 
.99533 .113 .0178 .127 0.0 .138 -.0174 
.98951 .0781 .0131 .0876 0.0 .0959 -.0129 
.98137 .0614 .0111 .0691 0.0 .0757 -.0110 
.97094 .0518 .0102 .0584 0.0 .0642 -.0102 
.95825 .0455 .00959 .0515 0.0 .0566 -.00973 
.94331 .0408 .00915 .0463 0.0 .0511 -.00940 
.92617 .0370 .00867 .0421 0.0 .0466 -.00903 
.90687 .0338 .00808 .0386 0.0 .0429 -.00855 
.88546 .0312 .00739 .0357 0.0 .0398 -.00795 
.&5197 .0291 .00663 .0334 0.0 .0374 -.00727 
.83647 .0273 .00581 .0316 0.0 .0354 -.00650 
.80902 .0259 .00496 .0300 0.0 .0337 -.00569 
.77Cjj7 .0245 .00409 .0285 0.0 .0321 -.00484 
.74851 .0232 .00322 .0271 0.0 .0306 -.00395 
.71560 .0219 .00235 .0256 0.0 .0290 -.00306 
.68102 .0205 .00151 .0241 0.0 .0274 -.00217 
.64484 .0192 .00070 .0226 0.0 .0258 -.00128 
.60716 .0178 -.00008 .0211 0.0 .0241 -.00042 
.56806 .0164 -.OOOBa .0195 0.0 .0224 .00041 
.52764 .0151 -.00147 .0179 0.0 .0207 .00121 
.48598 .0137 -.00208 .0164 0.0 .0189 .00195 
.44319 .0124 -.00264 .0148 0.0 .0171 .00264 
.35460 .00Cjj8 -.00356 .0116 0.0 .0136 .00384 
.30902 .00836 -.00393 .0101 0.0 .0118 .00434 
.26271 .00705 -.00424 .00851 0.0 .00996 .00477 
.16836 .00446 -.00469 .00540 0.0 .00634 .00542 
.07243 .00191 -.0049J .00231 0.0 .00272 .0057 8 
.02416 .00064 -.00499 .00077 0.0 .00091 .0058 
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Table 24. The ef'fect or the material properties on the 
adhesive stresses ff and l' with equal thickness 
adherends. 
1'1 =1' 4/2 1'1=1'4 111 =21'4 
xla -1'/ff 0 ff/ffo -1' 1ft 0 ft/fto -1'/ff 0 ft/lS o 
.99997 1.716 .146 1.852 0.0 1.938 -.103 
.99883 .277 .0239 .299 0.0 .313 -.0169 
.99533 .142 .0128 .153 0.0 .161 -.00~8 
.98951 .0984 .00940 .107 0.0 .112 -.00674 
.98137 .0776 .00798 .0841 0.0 .0883 -.00577 
.97094 .0657 .00729 .0714 0.0 .0750 -.00532 
.95825 .0579 .00690 .0631 0.0 .0663 -.00508 
.94331 .0522 .00659 .0570 0.0 .0600 -.004 ~ 
.92617 .0475 .00625 .0520 0.0 .0549 -.00470 
_.90687 .0437 .00585 .0480 0.0 .0506 -.00445 
.88546 .0406 .0053 8 .0446 0.0 .0472 -.00415 
.85197 .0381 .00487 .0420 0.0 .0445 -.00300 
.83647 .0361 .00432 .0399 0.0 .0423 -.00341 
.80902 .0344 .00374 .0380 0.0 .0404 -.00300 
.77~7 .0328 .00315 .0364 0.0 .0387 -.00257 
.74851 .0312 .00255 .0347 0.0 .0370 -.00213 
.71560 .0297 .00194 .0330 0.0 .0352 -.00167 
.68102 .0281 .00135 .0313 0.0 .0334 -.00121 
.64484 .0264 .00076 .02$ 0.0 .0315 -.00075 
.60716 .0247 .00019 .0271 0.0 .0296 -.00030 
.56806 .0230 -.00035 .0258 0.0 .0276 .00013 
.52764 .0212 
-.00087 .0239 0.0 .0256 .00056 
.48598 .0195 -.00136 .0219 0.0 .0235 .00096 
.44319 .0116 -.00181 .0199 0.0 .0214 .00133 
.35460 .0140 -.00260 .0158 0.0 .0110 .00200 
.30~2 .0122 
-.00293 .0137 0.0 .0148 .00229 
.26271 .0103 
-.00322 .0117 0.0 .0126 .00254 
.16836 .00657 
-.00366 .00744 0.0 .00803 .00292 
.07243 .00282 
-.00391 .00320 0.0 .00345 .00314 
.02416 .00094 
-.00396 .00107 0.0 .00115 .00318 
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Table 25. The effect of the material properties on the 
normalized stress intensity factors (k1/ko' k2/ko) 
and the strain energy release rate, GIGo' with 
different thickness adherends. 
k1 /ko 
k2/ko 
GIGo 
(h1/a)=1.0 , (h4/a)=0.5 , (~/a)=0.07 , 
ko=G' ova, Go=G'~a/E2 ' a= 1. 0 in. 
II 1 =11 4/2 "1 =., 4 "1=2114 
-.00159 -.00277 -.00356 
-.0123 -.0133 -.0140 
.399E-3 .467E-3 .517E-3 
Table 26. The effect of the material properties on the 
normalized stress intensity factors (k1/ko ' k2/ko) 
and the strain energy release rate, GIGo' with 
different thickness adherends. 
(h1/a)=0.5 , (h4/a)=1.0 , (~/a)=0.07 , 
ko=G' oVa, Go=G'~a/E2 ' a= 1. 0 in • 
• 00413 
-.0122 
• 438E-3 
.00277 
-.0133 
.487E-3 
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.00133 
-.0142 
.537E-3 
Table 21. The effect of the material properties on the 
normalized stress intensity factors (k 1/ko ' k2/ko) 
and the strain energy release rate, GIGo' with 
equal thiclaless adherends. 
k1 /ko 
k2/ko 
GIGo 
(h1/a)=(h4/a)=0.5 , (~/a)=0.07 , ko=f1 ora 
Go=(1~a/E2 ' a:: 1. 0 in. 
"1 =11 4/2 111=114 111=2114 
.00158 .0 -.00129 
-.0106 -.0118 -.0150 
.303E-3 .367E-3 .594E-3 
Table 28. The effect of the material properties on the 
normalized stress intensity factors (k1/ko' k2/ko) 
and the strain energy release rate, GIGo' with 
eq ual thiclaless adherends. 
k,/lco 
k2/ko 
GIGo 
(h1/a)=(h4/a)=1.0 , (~/a)=0.01 , ko=f1 oVa 
Go=CJ'~a/E2 ' a= 1. 0 in. 
I "1=114/2 "1 =114 "1= 21014 
.00113 .0 -.0008 
-.0133 -.0143 -.0150 
• 470E-3 .540E-3 .594E-3 
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Figure 1. Geanetry and notation for an adhesively bonded joint. 
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Figure 2. Superposition technique used in the solution of the 
problem. 
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OJ 
0.2 0.4 
1: h2/a= 0.004 2: h2/a= 0.006 
3: h2/a= 0.009 
0.6 0.8 1.0 x/a 
Figure 3. The adhesive shear stress for different (~/a) ratios 
wi th eq ual thickness adherends. 
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Figure 4. 
0.2 0.4 
,: h,/a=1.00 
2: h,/a=O.50 
3: h,/a=O.25 
0.6 08 1.0 xl a 
The adhesive shear stress for different (h,/a , h4/a) 
ra tio s wi th eq ual th~c kness adherends. 
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-1.16 
-1.18 
GIGo X 10 
0.375 
0.355 
0.345 
0.335 
0.002 0.004 0.006 0.008 
Figure 5. The normalized stress intensity factor and the 
strain energy release rate versus (h2/a) ra tio 
wi th equal th~ckness adherends. 
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-0.011 G/Go x 10 
- 0.013 
- O· 015 
-0.017 1.0 
- 0.019 0.8 
-0.021 0.6 
- 0.023 0.4 
0.3 0.5 0.7 0.9 
h,la 
Figure 6. The normallZed stress intensity factor and the 
strain energy release rate versus (h1/a) ra t~o 
with equal thickness adherends. 
(h2/a) =0. 0025 , a=1.0 in. 
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Figure 1. 
Figure 8. 
G 
-
0.26 Gp 
0.25 
-G 
1.0 2.0 3.0 a 
Comparison of the strain energy release rate 
calculated in this study (G) with the plate solutions 
(Gp) for the specific geanetry discussed in Tbl.9 • 
0.0125 
0.0119 
0.0031 
0.0027 
0.0023 
1.0 20 30 h,la 
The effect of (h,/a) ratio on the normalized stress 
~ntensi ty factors w~ th different tmckness adherends. 
(h4/a)=O.5 , (~/a)=O.1 , a=1.0 in. 
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Figure 9. 
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0.5 
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0.03 0.05 0.07 0.09 hl/a 
The effect of (~/a) ratio on the normalized stress 
intens~ty factors and the strain energy release rate 
w~th different thickness adherends. 
9lJ 
GIGO X 10 3 
0.004 
0.002 0.8 
- 0.012 0.6 
- - 0.014 G/~ 0.4 
- 0.016 0.2 
0.03 0·05 0.07 0.09 h fa 
2. 
Figure 10. The effect of (h2/a) ratio on the normalized stress 
intens~ ty factors and the strain energy release ra te 
with different thickness adherends. 
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0.012 
0.0036 
0.0016 
0.5 1.0 2.0 
Figure 11. Effect of material properties on normallZed stress 
intensi ty factors wi th different thickness adherends. 
(h1/a)=1.0 , (h4/a)=O.5 , (~/a)=O.02 , a=1.0 in. 
0.004 
o 52 
0.001 
0.48 
- 0 013 
044 
- 0 012 
0.5 1 0 
Figure 12. Same as Figure 11 w~th 
(h1/a)=O.5 , (h4/a)=1.0 , (h2/a)=O.07 , a=1.0 in. 
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Figure 13. 
G/GO X 10 
3 
- 0.0 01 0·6 
.-
-0.003 .. " 
" 0.5 I 
;' G/Go 
- 0.007 
0.4 
- 0.011 
0.3 
"-
"-
" ....... 
- O. 015 --
o 5 1.0 
--- (h1/a)=(h4/a)=O.5, (h2/a)=O.07, a=1.0 ~n. 
-----. (h,/a)=(h4/a)=1.0, (h2/a)=O.07, a=1.0 J.Il. 
Effect of mater~al propert~es on nor=alizea stress 
intens~ty factors and stra~n energy release rate 
with equal th~ckness adherenas. 
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APPENDIX I 
o = "'2 / 10'1 d = "'3 / "'4 
a1 = (1(2 - 1e 1o) / (0 - 1) 
~= (K 10 + 1) / (0 - 1) 
a3 = (1(2 + 0) / (0 - 1) 
a4 = (a2~ + a 3h 1) 
b1 = (1(3 - 1e4d) / (d - 1) 
b2 = (1(4d + 1) / (d - 1) 
b3 = (1(3 + d) / (d - 1) 
b 4 = (b2h3 + b3h4) 
where )oJ i' s, hi's, K i' s are def ~ed in Figure 1 • 
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APPENDIX II 
~ : e-2<X~ 
-" 
~ -: e-2<Xh3 
At : e-2<X( h1 + ~) 
At-: e -2CX (hlJ + h3) 
t = e-2<Xh1 
t· : e-2<Xh4 
G1 (<X) = 2C .... alJ + 2C (h2.8 - h1 t ) 
G2 (Ct ) = a2'Y +.8 + a1i + 4a 2h1 h2~ - a3 , 
G3 (a) = - a2'1 -.8 + 2Cth1~ 
G4«I) : - 4Ct 2h,h2.8 - a2 - ~ - a1.8 + a3'1 
GS «X) = 2aa4 + 2<X(h2~ - h1.8) 
G6 (lOt) = 2ah,.8 + ~ + ~ , 
G7 (a) : G, (Ct ) G6 (CC ) - G3 (CC ) G4 ( <X ) 
G8(Ct) = G3 (CC)GS(Ct) - G2 (a) G6 (cc) 
10' 
where hi's, ai t s, bi t S are def ~ea ~n Appe ndix I • 
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APPElmIX III 
P1 (Ct) = G1 (a) 
P2 (Ct) = G2 (<r) '. 
P3 (ct) = -a2Af - • - 2cx~i 
P4 (C:) = G4 (a) 
103 
where (hi IS, ails, bi ' s) and ($, J', '1 , ..,', ~, ~', Gi I s) are 
defined in Figure 1 and Appendix II, resp3ctively. 
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-' 
APPENDIX IV 
Solution ot the Singular Integral Equation 
In [15] a quadrature tormula ot closed type is derived tor the 
principal part of the singular integral equa tion of the form ; 
1 1 
+ 
_b f t(t) 
a t(t) 
11' t-x 
-I 
dt + f t(t) k{x,t) dt = g(x) 
-I 
-1 < x < +1 
The solution will be sought in the form 
• (t) = '" (t) w( t) 
where cJ,(t) is a bounded function, and Wet) is given by 
H(t) = ( 1_t)Cl ( 1+t)~ 
1 [ a - ib] Cl = log + N 
211' i a + ib 
1 [ a - ib] P = - - log + M 
211'~ a + ib 
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N and Mare arbitrary integers de termined from the physics of the 
problem. The index of the singular integral eqw tion is defined by 
I( = - (a + ~) = - (N + M) • 
Defining, 
if k (x, t) = 
b 
--- + kex,t) 
11' e t-x) 
the approximate solution to the singular integral equation is 
detennined from 
and 
1'\.-\ 
e1 + a) H1 k*exk,t,) ~et1) +.2: ~ k*(xk,t~) ~et~) 
\,a~ 
k=1 , •• ,-1 
~-\ 
(1 + a) H1 ~(t1) + L H~ .r(ti ) + (1 +~) Hn ~(tn) = C , 
\.:~ 
where the last equa tJ.on is the approXl.mation to the extra condition, 
106 
(when K=1) 
I f t(t) dt = C • 
-I 
Here t i , xk and Hi are defined as follows , 
P(-1-a, -1-.) ( ) = 0 n-1 x k k=1 ,2, ••• , (n-1) 
and 
where p(a,.8) 
n (x) is the Jacob~ polynomial of degree "n" • 
. 
In the analysis of the report the singular integral aqua uons 
are of the f~rst kind and a= .8 = - 112 giving 1(=1. In th~s case 
Jacobi polynanials reduce to the Chebyshev polynanials and n 
unknowns eJ,(t i ) can be determ~ned fran 
107 
and, 
1 ""-I 1 
- ~(t1) + L ~(ti) + - ~(to) 
2 \._~ 2 
n-1 
c , 
where 
ti = Cos [~ 1f] 
0-1 
i= 1 , •••• ,0 
X k = Cos [~ 'Ir] 
20-2 
k=1, •••• ,(n-1) 
108 
I 2 Gcr.ernment Accession No • 1 Report No 
NASA CR-177923 
4 Title and Subtitle 
Elasticity Solution of an Adhesively Bonded Cover Plate 
of Varlous Geometries 
7 Author(s) 
G. N. Aksel and F. Erdogan 
3 Recipient's Catalog No 
5 Report Datf' 
IJ..IJ~~mwlUwla.J..,r·'V;t..-LJ""'-l 9'8~5 ____ ._ 
6 Performing Organization Cod!: 
8 Performing Organl2 .. tlon Report No 
~------------------------, ~ ____________________________________________ ~ 10 Work Unit No j 
9 Performing Organization Name and Address I 
Lehigh University I 
Department of Hechani ca 1 Engi neeri ng 11 Contract or Grant No 
Bethlehem, PA NGR 39-007-011 
~ _______________________________________ -I 13 Type of Report and Period Covered 
12 Sponsoring Agency Name and Address 
National Aeronautics and Space Administration 
Washington, DC 20546 
Contractor Report 
14 Sponsoring Agency Code 
505-33-23-02 
15 Supplementary Notes 
Langley Technical Monitor: W. Steven Johnson 
16 Abstract 
The plane strain problem of adhesively bonded structures which consist of two 
different isotropic adherends is considered .. By expressing the x-y components of the 
displacements in terms of Fourier integrals and using the corresponding boundary and 
continuity conditions, the system of integral equations for the general problem is 
obtained. Then, these integral equations are solved numerically by applying Gauss-
Chebyshev integration scheme. 
The shear and the normal stresses in the adhesive are calculated for various 
geometries and material properties for a stiffened plate under uniaxial tension ox. 
Also, the numerical results involving the stress intensity factors and the strain 
energy release rate are presented. The closed-form expressions for the Fredholm 
kernels are provided, so that the solution for an arbitrary geometry and material 
properties can easily be obtained. 
The numerical solution of the integral equations lndicates that as (hl/a), 
(ha/a) and (h2/a) decrease the convergence becomes slower and hence, co~putations become costlier. For the general geometry of a cover plate, the contribution of the 
normal stress is quite significant. For the symmetric geometries, ho\,!ever, the dominant 
stress is the shear stress. More speclfica11y, the normal stress varies if the 
adherends also happen to be of the same material and the same thickness. 
17 Key Words (Suggested by Author(s) I 
bonded structures, adhesives, 
strain energy release rate, 
stress lntensity factor, e1astlclty 
Solutlon 
18 D,stflbut,on Statement 
Unclassified - Unlimited 
Subject Category 39 
19 S"CUflty Oassl' (of thiS report) 
Unclassified 
20 Security Classl' (of thiS pagel 
Unclassified 21 No of PtgeS 109 
• For sale by the NatIonal TechnlCBllnformatlon Service, Sprmgfleld, Virgin II 22151 
A06 
End of Document 
